We present a theoretical scheme that allows to perform a universal set of holonomic gates on a two qubit register, formed by a 13 C nuclear spin coupled to the electron spin of a nitrogen-vacancy center in diamond. Strong hyperfine interaction between the electron spin and the spins of the first three shells of 13 C atoms allows to operate the state of the register on the submicrosecond timescale using microwave pulses only. We describe the system and the operating regime analytically and numerically, as well as simulate the initialization protocols.
I. INTRODUCTION
The negatively charged nitrogen vacancy (NV − ) center in diamond is a point defect, that has attracted significant attention in the recent years. Its bright optical transition with the zero phonon line of 1.945 eV [1, 2] and the existence of intersystem crossing provides a good mechanism for initialization and read out of a defect's spin state [3] . The ground state of the NV − center is a spin triplet and is sensitive to magnetic and electric fields, as well as to strain [4] [5] [6] , which makes the defect useful for metrological applications [7] [8] [9] . The long lifetime of the ground state coherence [10] together with the fast optical initialization and readout renders the NV center interesting for quantum information purposes [11, 12] . Recently fault tolerant universal geometric single-qubit gates [13] have been achieved both using optical [14, 15] and microwave [16, 17] control of the spin. Scaling up to many NV spins is still an issue, as it is challenging to couple the defect spins [18] [19] [20] . On the other hand, numerous experiments have been performed on multiqubit registers that include the NV center electron spin coupled to the nearby 13 C nuclear spins through the hyperfine interaction [21] [22] [23] [24] [25] [26] . Such a configuration allows the use of the longer coherence time of the nuclear spin to preserve the quantum state during times exceeding the T * 2 of the electron spin. This can then be used for distributed quantum computation with electron-nuclear quantum registers [27] or to gain increased sensitivity in metrological applications of NV centers [28] . From this perspective the feasibility of universal control of the state of such registers becomes important. The existing experiments described in the literature [29] allow fast microwave control of the electron spin, as well as fast entangling CNOT or CPHASE gates controlled with the state of the nuclear spin. At the same time performing single qubit gates on the nuclear spins that are relatively close to the electron spin still required radio frequency pulses, that weakly couple to the nuclear spins due to their low gyromagnetic ratio [30] .
Our work is motivated by the fact that the hyperfine interaction between the nearest neighbour 13 C nuclear spin and an NV center provides a nuclear spin splitting of the order of 130 MHz [31, 32] , which allows for universal holonomic [13] single and two-qubit gates on the two-qubit register, assisted by hyperfine interaction. The key enabling idea is to use a magnetic field to mix the electronic states |−1 and |0 . In this case the quantization axis for the nuclear spin will depend on the state of the electron spin. We will show that this implies that electronic transitions between different hyperfine levels are no longer forbidden by nuclear spin selection rules and can efficiently be driven by microwaves. This should result in a speed-up compared to the existing schemes and provide universal control of the register, requiring application of microwave-only pulses and making use of the relatively stronger electron magnetic dipolar transitions.
This paper is structured as follows. In section II we will consider our scheme in the leading order of perturbation theory, providing a more detailed treatment in the Appendix A. In section III we will discuss how one could initialize and read out the state of the two-qubit register. Section IV will be concerned with the construction of the pulses for universal quantum computing on the two-qubit system.
II. SYSTEM AND OPERATING REGIME
The Hamiltonian describing the ground state of the NV interacting with the nuclear spin of a nearby 13 C iŝ
(1)
Here D gs = 2.88 GHz is the ground state zero-field splitting, γ e = gµ B = 2.8 MHz/G is the electronic gyromagnetic ratio and γ n = 0.001 MHz/G is the nuclear gyromagnetic ratio. The values for the hyperfine tensor A ij are taken from [31] . This tensor is approximately diagonal in the basis, where the z-axis coincides with the direction connecting the vacancy to the 13 C atom. The eigenvalue corresponding to this axis amounts to 201 MHz for a 13 C atom in the first coordination shell, while the other two eigenvalues are 120 MHz. In our simulations we do a basis change to obtain the values of the tensor in the NV-axial basis. In what follows we will neglect the splittings arising due to the Zeeman HamiltonianĤ n , as they arXiv:1908.08443v1 [cond-mat.mes-hall] 22 Aug 2019 are much smaller than those arising from hyperfine interaction for the 13 C atom in the first coordination shell of an NV center.
Let us first treat the electronic part of the Hamiltonian (1), later we will add the hyperfine interaction as a perturbation. We first assume magnetic field B z = D gs /γ e in the direction of the NV symmetry axis, so that the levels |−1 and |0 are degenerate. Now we also assume a magnetic field B ⊥ in the direction perpendicular to the symmetry axis, and write the magnetic field as B x − iB y = B ⊥ e iφ . The coupling of |1 to |0 is suppressed due to a large energy gap 2D gs between them, therefore, in this section we neglect this coupling. Thus the eigenvectors of the Hamiltonian will be |+ = e iφ/2 |0 + e −iφ/2 |−1 / √ 2 and |− = e iφ/2 |0 − e −iφ/2 |−1 / √ 2 with the energies ±|Ω| respectively, with |Ω| = γ e B ⊥ / √ 2. Now we add the hyperfine interactionĤ hf to the system. Assuming ||A|| |Ω|, we can restrict our analysis to the secular terms of the hyperfine interaction, that do not flip the electron spin. Then for each electronic level we can describe the hyperfine interaction in terms of the Knight field h j , acting on the nuclear spin I j ,
One of the key ingredients of the current proposal is the fact that the Knight field turns out to point in different directions for each of the three electronic levels, resulting in the level structure of the defect's ground state shown in Fig. 1 . We can thus conclude that transitions between all eigenlevels of the system are now allowed by the nuclear spin selection rules and can be driven with a microwave field, oriented in the direction perpendicular to the symmetry axis of the defect. Let us number the levels in the figure from bottom to the top with 1, ..., 6. For a given direction of the microwave field, resonant with the transition from level i to level j, the Hamiltonian of the microwave field takes the form
Here ω ij = E i − E j is the energy splitting between levels i and j, s ij is the matrix element, describing the strength of the corresponding microwave transition, g ij is the amplitude of the microwave pulse, proportional to the magnetic field amplitude. In the simple picture described above, that neglects all nonsecular terms, one calculates w ij as the difference between eigenvalues of the Hamiltonian (1) , that includes only the secular termŝ
To parametrize h e j , e ∈ {+, −, 1}, we introduce
for e ∈ {+, −, 1}. The eigenstates of the system in Fig. 1 will take the Energy Figure 1 . Energy level structure of the ground state of the NV − center in diamond coupled to a nearby 13 C nuclear spin when a nonparallel magnetic field mixes the electronic levels |0 and |−1 . The states |+ , |− and |1 to the left of the dashed line are the eigenstates of the electron spin without hyperfine interaction (hyperfine tensor A = 0), the direction of the black arrows to the right of the dashed line indicates the quantization axis of the nuclear spin and |ψ 
with the eigenvalues being
The state with index p corresponds to the upper state of the hyperfine doublet, with index m-to the lower one. If the system is driven with a microwave field pointing in the y-direction, s ij from equation (3) can be explicitly calculated using the states (6). For example s 26 will take the form
The last factor here comes from the scalar product of two nuclear spin wave functions and its absolute value is cos (α) = (h
. To gain universal control over the system we propose to use eight microwave pulses, that couple the levels 1, 2, 3, 4 to the levels 5, 6 ( Fig.1) . The control Hamiltonian will then contain eight copies of (3) with i ∈ {5, 6}, j ∈ {1, 2, 3, 4}. If we change into a rotating frame, in which all the six levels have the same energy, the control Hamiltonian will take the form
Adjusting the two amplitudes g 61 , g 62 , we can couple any superposition of levels |1 , |2 to the state |6 . Let us now choose any pair of orthogonal nuclear spin states |0 n , |1 n , then
If we now apply the two pulses simultaneously, one coupling the level 1 to the level 6 and one coupling the level 2 to 6, such that g 61 = gα * /s 61 , g 62 = gβ * /s 62 , the control Hamiltonian will take the form H mw = g |6 −, 0 n | + h.c.. Analogously, if we define g 61 = −gβ/s 61 , g 62 = gα/s 62 , we will obtain the control HamiltonianĤ mw = g |6 −, 1 n | + h.c.. These pairs of pulses are the new control pulse protocols that can couple |−, 0 n and |−, 1 n to the level |6 . Similarly, we can define in total eight new control pulse protocols that will couple the levels |−, 0 n , |−, 1 n , |+, 0 n , |+, 1 n to the levels |5 and |6 . We name these new pulse protocols p 1 , p 2 , ...., p 8 and show them in the Fig. 2 . Each of these pulses has a magnitude |p i | and a phase f i . In the rotating frame all states have the same energy, but in a real system the possibility to apply each of the given pulse protocols separately is based on the fact that the energy differences between levels 1, 2, 3, 4 and the levels 5, 6 in Fig. 1 the transition from level 1 to level 5 and from level 2 to level 6 are closest to each other. Choosing the parameters as discussed in Appendix B, we numerically diagonalize the Hamiltonian (1) and find that the closest resonance frequencies differ by 36 MHz, which suffices to resolve them.
In this section we based our description on the simplified Hamiltonian (4) , that neglects the nonsecular interaction of the electron spin with nonparallel magnetic field and nonsecular hyperfine interaction terms. The same arguments can be given if one uses a more rigorous effective Hamiltonian (A10), that we derive in the Appendix A. This Hamiltonian takes into account the nonsecular interaction terms and is valid to second order perturbation theory.
III. INITIALIZATION AND READOUT
In this section we show how to perform initialization and readout of the system in the regime, suggested in the previous section, when B z = D gs /γ e and |Ω| ||A||. Our proposal to perform initialization and readout of the system is based on coherent population trapping (CPT) [33] and resembles the scheme used in Ref. [34] . Figure  3 shows the procedure. Here the excited state manifold consists of an orbital doublet, spin triplet and a hyperfine doublet, thus forming a twelve-dimensional space. The exact Hamiltonian, governing the dynamics of the excited state manifold will be given in the Appendix B. The electronic levels |1 , |+ are coupled to the excited state manifold through optical excitation, shown as red arrows in the Fig. 3 . The frequencies of the optical fields are such that the level |− is out of resonance, while the other two levels |1 , |+ are coupled close to resonance. In Appendix B we show that one can achieve this with a single frequency optical field in the relevant magnetic field regime. In order to initialize the system in the lowest level of Fig. 3 , an additional microwave pulse is required, shown as a blue arrow in Fig. 3 . Whenever the lowest level is not populated, it will be brought to the excited state manifold through a combination of microwave and optical pulses. From there, the population will incoherently decay back to the ground state manifold through the channels marked with green arrows in the Fig. 3 . Then the process repeats itself until after many cycles of optical and microwave excitation the population becomes excited state manifold singlet energy optical mw Figure 3 . State initialization protocols. Optical pulses (red) pump the electronic states |1 and |+ to the NV excited state manifold. An additional simultaneous microwave tone (blue arrow) pumps one of the two lowest hyperfine sublevels. Green arrows illustrate incoherent mechanisms that return the population to the ground state. After many excitation cycles the system becomes trapped in the lower hyperfine level (black dot).
trapped in the lowest level of Fig. 3 . We performed a numerical simulation of this initialization procedure and showed that in 100 µs the system can be initialized with a fidelity of 98%, in agreement with the results obtained for a similar procedure in [34] . The details of the simulation and the relevant parameters are given in Appendix B.
Read out can be performed in a similar manner. Let us assume that we want to know whether the system is in a state ψ. We first perform a gate that takes ψ to the lowest level of Fig. 3 , followed by the initialization procedure. The absence of luminescence intensity indicates the system was initially in the state ψ, the presence of luminescence intensity indicates the opposite measurement result.
IV. UNIVERSAL SET OF HOLONOMIC GATES
We now show how to construct a universal set of gates to control the two-qubit register in the magnetic field regime given in section II, when B z = D gs /γ e and |Ω| ||A||. Universal control requires that one can perform each of the eight microwave tones p 1 , p 2 , ....., p 8 , without driving any other transitions. Our proposal is to preform nonabelian holonomic gates [13] using the setup described in the previous sections. Each step of such a gate requires the identification of a Λ-system, built from two lower and one upper state from Fig. 2 . The lower states are coupled to the excited state with two different lasers, that are both detuned from resonance by the same value ∆, as shown in Fig. 4. energy Figure 4 . Energy levels in Λ-configuration. Two different lasers with amplitudes u0 and u1 and a common detuning ∆ couple the ground states |0 and |1 to the same excited state |e . This generates nontrivial unitary operation on the lower levels, when the system is driven to the |e state and back.
The Λ-system Hamiltonian readŝ
and as shown in [13] , can be used to perform universal set of gates on the levels |0 and |1 , if one can control the complex amplitudes u 1 and u 0 and the detuning ∆ and the lasers are switched on for the duration τ = 2π/ ∆ 2 + 4|u 0 | 2 + 4|u 1 | 2 . Figure 2 suggests different ways to identify such a Λ-system. Using the pulses p 1 and p 3 we can create a Λ-system that allows one to perform universal gates on the nuclear spin controlled by the state of an electron spin. More precisely, the nuclear spin state is flipped only if the electron spin is in the state |+ . Analogously, using the pulses p 5 and p 7 one arrives at gates on the nuclear spin, controlled with the |− state of the electron spin. Performing the same gate first using the pulses p 1 and p 3 and then the pulses p 5 and p 7 , one performs universal single qubit gates on the nuclear spin. In exactly the same way, gates on the electron spin controlled with the state of a nuclear spin can be performed combining pulses p 1 with p 5 and p 3 with p 7 . Thus, universal holonomic computation with the two-qubit register can be achieved.
For example, the CPHASE gate can be performed if the control pulse protocol p 8 is switched on with zero detuning for the time τ = π/|p 8 |. That is equivalent to switching two laser pulses that resonantly couple the levels 1 and 2 to the level 6 (Fig. 1) . The amplitudes and phases of the lasers are adjusted such that the microwave Hamiltonian takes the form
V. DISCUSSION
In this work we have shown how to perform universal quantum computing on a two qubit register, consisting of the electron spin of a negatively charged nitrogenvacancy center in diamond and the nuclear spin of a nearby 13 C atom. Although we only considered the carbon atom of the shell closest to the vacancy due to the strong hyperfine interaction, our method can be extended to control the carbon atoms further away. We estimate that the magnitude of the dipole-dipole hyperfine interaction for 13 C atoms that are twice as far from the vacancy as the closest carbon is such that the transitions |1 to |5 and |2 to |6 can still differ by 1 MHz and thus the register can be manipulated using microwave transitions only. The density functional theory calculations [35] that also take into account the Fermi contact term reveal there are approximately 40 carbon atoms around the vacancy with hyperfine constants greater that 2 MHz, which suggests that there are more than 3 closest 13 C atoms, to which our method can be applied. It is still possible to perform universal gates on these atoms until the electron spin decoheres, but in that case one also has to include the nitrogen nuclear spin into consideration. Our method can readily be extended to include the nitrogen nuclear spin through the hyperfine interaction Hamiltonian
with the hyperfine constants being A || = −2.16 MHz, A ⊥ = −2.6 MHz [36] . Using this Hamiltonian, the Knight field acting on the nitrogen nuclear spin can be calculated in the same way as it was done for the closest shell carbon atom. Other proposals exist to perform universal microwave control on the registers of coupled nuclear and electron spins [37, 38] . They differ from our method in the sense that their gates are not geometric and universality in those schemes requires an external magnetic field acting on the nuclear spins to add up with the hyperfine Knight field and thus create two nonparallel axes of rotation, while in our scheme we only rely on the hyperfine field, that is stronger than the external magnetic field. Strong hyperfine interaction has its disadvantages in that it decoheres the nuclear spin very fast. Going to a rotating frame picture reveals that the nuclear spin is not affected by the dephasing in the ground state space of the electron spin (T 2 ), but the relaxation processes (T 1 ), as well as reinitialization of the electron spin affect the nuclear spin dramatically [22] . Still our scheme can be used to perform universal quantum computation, for example, to gain increased sensitivity of an NV based quantum sensor [28] . We also note that although we only considered our scheme applied to the nuclear spin strongly coupled to the electronic spin, it would also be possible to consider it with respect to weakly coupled nuclear spins. A lot of research is done on the control of these registers [39] [40] [41] [42] and configuration, in which the levels |0 and |−1 are mixed due to nonparallel magnetic field could offer new pathways to control such registers.
Appendix A: Effective Hamiltonian for hyperfine interaction in each electronic level, valid to second order perturbation theory
In this appendix we treat the coupled nuclear and electron spin system in the presence of nonparallel magnetic field in a rigorous way. We fix B z = D gs /γ e and introduce the phase factor φ according to the equation B x − iB y = B ⊥ e iφ . At this field and in this notation one obtainŝ
We further introduce Ω = e 3iφ/2
2 γ e B ⊥ and the new basis states
so the Hamiltonian H e takes the form
We now introduce the hyperfine and the nuclear spin Zeeman interactionsĤ hf ,Ĥ n into the system. We split the hyperfine interaction into secular and nonsecular terms asĤ
Our aim now is to obtain an effective Hamiltonian in each of the three electronic subspaces. We achieve this using the formalism of the Schrieffer-Wolf transformation [43, 44] . The basic idea is to find a basis change that brings to zero non-secular termsĤ e ,Ĥ 2 hf up to a certain order of magnitude. In order for this procedure to work we have to assume that |Ω| 2D gs , ||A ij || 2Ω. Following this procedure, we introduce an antihermitian matrix S, that obeys the equation
After performing this procedure, we obtain S = Ω 2D gs − |Ω| |1 +| + h.c.
where W 1 , W + and W − are 2D gs , |Ω| and −|Ω| respectively. Now we can calculate the effective Hamiltonian in each of the three electronic subspaceŝ
From this expression it follows that the interaction of the electron spin with the transverse magnetic field leads to the renormalization of the energies of the bare electronic states D gs , |Ω|, −|Ω| to the new values
Let us also introduce the corrections to hyperfine terms due to the interaction of electron spin with the transverse magnetic field
For the effective Hamiltonian we then obtain
The first line here arises due to the interaction of the electron spin with magnetic field. Lines two to four describe the secular terms of the hyperfine interaction corrected due to nonsecular terms of the electron spin interaction with the magnetic field. Lines five and six take into account nonsecular part of the hyperfine interaction, that mixes the electron spin states |+ , |− . We neglect the effect of this interactions that mixes |+ , |− with |1 , because it is small compared to all other effects.
Appendix B: Details of the dynamics simulation
In this appendix we give details of the simulation we performed to model the initialization fidelity. The ground state of the NV is an orbital singlet, spin triplet and we describe it with the Hamiltonian (1). The excited state is treated as an orbital doublet, spin triplet and we describe it with the following Hamiltonian [2] H es = g || es µ B B zŜz + 2µ B B xŜx + B yŜy
Here σ x , σ y , σ z are Pauli matrices that act in the basis of |E x , |E y of the orbital doublet. The first line describes the Zeeman interaction, the second line takes into account spin-orbit coupling and the interaction of magnetic field with the orbital angular momentumL (described with an operator σ y in the relevant subspace). Lines three, four and five describe the spin-spin interaction. The sixth line takes into account the hyperfine interaction in the excited state. The seventh line gives the Zeeman interaction for the nuclear spin. The strength of the corresponding interactions is taken from Ref. [45] and is listed in Table I . The strength of the hyperfine interaction is given in the basis when z-axis coincides with the direction from the vacancy to the 13 C atom. In this basis the hyperfine tensor is diagonal, with the biggest eigenvalue (A es || ) corresponding to the vector along zdirection. The excited orbital states can decay to the ground state through a spin-conserving photon emission with the rate Γ ge each. The corresponding decay operators are O x = |A 2 E x | and O y = |A 2 E y |, where |A 2 is the ground state orbital singlet. The excited state |A 1 , that is the eigenstate of the spin-orbit and spinspin part of the Hamiltonian (B1), can also decay to the singlet level |s with the rate Γ se . The corresponding decay operator is O 3 = |s A 1 |. The singlet state can decay to the ground through three channels, to the state with spin 0 at the rate Γ 0s and corresponding decay operator O 4 = |A 2 , m s = 0 s| or to the states with spins ±1 with the rate Γ pms and corresponding decay operators O 5 = |A 2 , m s = +1 s| and O 6 = |A 2 , m s = −1 s| . The values of the decay rates are taken from Ref. [45] and are listed in Table I . We assumed the z-component of the magnetic field to be D gs /γ e . The transverse magnetic field is assumed to point in the x-direction and have the value of 500 G. We show that at this magnetic field one optical field is enough to couple the electronic levels |+ and |1 to the excited state |E x (Figure 3) , while leaving |−1 out of resonance. The microwave magnetic field pulse in Fig. 3 is assumed to point in the y-direction. The corresponding optical and microwave Rabi frequencies Ω o and Ω mw respectively are given in Table I . The optical and microwave driving Hamiltonians are given bŷ
H mw = Ω mwŜy sin(ω 2 t).
We solve the Lindblad equatioṅ
assuming the duration of the optical and microwave pulses of 100 µs. Our simulation reveals that assuming the system to be initially in equal superposition of the six ground states, after such procedure the system will be trapped in the lowest ground state with the probability 97%. 
